Complex Numbers / “_

J Complex Numbers i

The shortest path between two truths in the real domain passes through the complex domain. ...... Hadamard, Jacques

The complex number system

Note :

A complex number (z) is a number that can be expressed in the form z = a + ib where a and b are real
numbers and i? = —1. Here ‘a’ is called as real part of z which is denoted by (Re z) and ‘b’ is called as
imaginary part of z, which is denoted by (Im z).

Any complex number is :

(i) Purely real, if b =0 ;

(i) Imaginary, if b = 0.

(iii) Purely imaginary, ifa=0

(a) The set R of real numbers is a proper subset of the Complex Numbers. Hence the complete
number systemisNcWclcQcRcC.

(b) Zero is purely real as well as purely imaginary but not imaginary.

(c) i= \/jis called the imaginary unit.
Alsoiz=—1;i=—i;i*=1etc.

(d) \/a_ \/5= \fab only if atleast one of a or b is non - negative.

(e) If z=a +ib, then a — ib is called complex conjugate of z and writtenas z =a —ib
(f) Real numbers satisfy order relations where as imaginary numbers do not satisfy order relations
i.e. i>0,3+i<2 are meaningless.

Self Practice Problems

(1) Write the following as complex number
(i) J-16 (ii) JX, (x> 0) (i) —b+ —4ac, (a, c>0)
(2) Write the following as complex number
(i) X (x <0) (ii) roots of x2 — (2 cos®) x + 1 =0
Answers : 1) (i) 0 + 4i (ii) JX + 0 (i)  —b+iJdac
2) (i) 0+i X (ii) cos 0 +isin®,cos 6—isind

Algebraic Operations:

Fundamental operations with complex humbers
In performing operations with complex numbers we can proceed as in the algebra of real numbers,

replacing i? by — 1 when it occurs.

1. Addition (@a+bi)+(c+di)=a+bi+c+di=(@a+c)+(b+d)i
2. Subtraction (a+bi)—(c+di)=a+bi—-c—-di=(a—c)+(b—-d)i
3. Multiplication  (a + bi) (¢ + di) = ac + adi + bci + bdi? = (ac — bd) + (ad+ bc)i
... _a+bi a+bi c—di ac-adi+bci—-bdi® ac+bd+(bc—ad)ii ac+bd bc-ad.
4 Division - = - - = 55 = = =5 +t 55|
c+di c+di c-—di c” —di c“+d c“+d c +d

Inequalities in imaginary numbers are not defined. There is no validity if we say that imaginary number
is positive or negative.
e.d. z>0,4 +2i<2+4iare meaningless.

In real numbers if a® + b2 = 0 then a = 0 = b however in complex numbers,
2 2 _ i =7 =
z,° +2,° = 0does notimply z, =z, = 0.
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Example # 1 : Find the multiplicative inverse of 4 + 3i .

Solution : Let z be the multiplicative inverse of 4 + 3i then
z(4+3i)=1
1 4-3i 4-3i 4-3i 4 -3i
Z= - X - = = . Ans. —_—
4+3i 4-3i 16+9 25 25
Self Practice Problem :
(3) Simplify i" + ™! +i"2 4 ™3 nel. Ans. O

Equality In Complex Number :

Two complex numbers z, = a, + ib, & z, = a, + ib, are equal if and only if their real and

imaginary parts are equal respectively
ie. z,=2, =S Re(z,) = Re(z,) and I (z,) =1 (z,).

Example # 2 : Find the value of x and y for which
(x* + 2xi) — (3x? + yi) = (3 — 5i) + (1 + 2iy) , where X, yR

Solution : (x* + 2xi) — (3x2 + yi) = (83— 5i) + (1 + 2iy)

= x—3x2-4=0 =>x2=4=x=2%2

and 2x—y=—-5+2y

2x +5 =3y

when x=2 = y=3

and Xx=—-2 = y=1/3 Ans. (2,3)or (-2,1/3)
Example # 3 : Find the value of expression x* + 4x® + 5x2 + 2x + 3, when x =—1 +i.
Solution : X=—1+i

(x+1)2 =1

X2+2x+2=0

now, x* + 4x% + 5x + 2x + 3 =(X+2x+2)(x*+2x—1)+5=5

Example # 4 : Find the square root of — 21 — 20i

Solution : Let x + iy = —21—20i

(x+iy)2=—21-20i

x—y2==-21 - (i)
xy=—-10 - (i)
From (i) & (ii)

=4 = X=x2

whenx=2,y=-5andx=-2,y=5
X + iy = (2 —i5) or (-2 + i5)

Self Practice Problem

(4) Solveforz : z =iz?

(5) Given that x, y € R, solve : 4x2 + 3xy + (2xy — 3x2)i = 4y2 — (x/2) + (3xy — 2y2)i

Answers : (4) ig—%i,o,i (5) x=K,y=% KeR

Representation of a complex number :

To each complex number there corresponds one and only one point in plane, and conversely to each
point in the plane there corresponds one and only one complex number. Because of this we often refer
to the complex number z as the point z.
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(a)

Note :

(i)

(ii)

(i)

(b)

Note :
(c)

Note :

Cartesian Form (Geometric Representation) :
Every complex number z = x + i y can be represented by a point on the Cartesian plane known as
complex plane (Argand diagram) by the ordered pair (X, y).

Imaginary
axis
P (x,y)

r

<]
real
0 axis

Length OP is called modulus of the complex number which is denoted by ‘ z ‘ & O is called argument
or amplitude.

2] = Jx% +y? andtan 6 = [%) (angle made by OP with positive x—axis)

Argument of a complex number is a many valued function. If 8 is the argument of

a complex number then 2n7t + 0; n € | will also be the argument of that complex number. Any two
arguments of a complex number differ by 2nTt.

The unique value of 0 such that — T < 0 < 7 is called the principal value of the argument.

Unless otherwise stated, amp z implies principal value of the argument.

By specifying the modulus & argument a complex number is defined completely. For the complex
number O + 0 i the argument is not defined and this is the only complex number which is only given by
its modulus.

Trignometric/Polar Representation :

z=r(cos O +isin 0) where |z| =r;argz=0;z =r (cos 0 —isin 0)

cos O +isin O is also written as CiS 0

Euler's Formula:
z=re? |z|=1, argz =0
Z=re™®
e =cos 0 +isin 0.
i0 —i0 i0 —i0
. e’ +e .
If 0 is real then cos 0 =T ; Sin6 =

Vectorial Representation :

Every complex number can be considered as the position vector of a point. If the point P represents

—> —
the complex number z then, OP =2z & | OP | = |z |

Agrument of a Complex Number :

Argument of a non-zero complex number P(z) is denoted and defined by arg(z) = angle which
OP makes with the positive direction of real axis.

If OP =

|z| = r and arg(z) = 6, then obviously z = r(cos + isin®), called the polar form of z.

'Argument of z' would mean principal argument of z(i.e. argument lying in (— x, ©] unless the context requires
otherwise. Thus argument of a complex number z = a + ib = r(cos6 + ising) is the value of 0 satisfying rcoso = a

andrsind =b. Let0 =tan™’

b
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P(0 + ib)

/2

_

P(a + ib)

io
M

— K]
P(0 + ib)

)

p@ ¥ ib)

P(a + ib)

P

Solve for z if (Z)? +2|z| = 0.

Complex Numbers /
(i) a>0,b>0
(ii) a=0,b>0
(iii) a<0,b>0
(iv) a<0,b=0
(v) a<0,b<0
(vi) a=0,b<0
(vii) a>0,b<0
(viii a>0,b=0

Example # 5 :

Solution :

Let Z=X+1y

= X2 —y2—2ixy + 2x°+y? =0 =

when x =0,

when y=0

=
=
=
=
=

Ans. z=0, 2i, -2i.

-y?+2ly|=0
y=0,2,-2
z=0,2i,-2i
x2+2|x|=0

x=0=>z=0

p.V.

p.V.

p.v.

p.v.

p.v.

p.v.

argz==9
argz=E
2
argz=n—0
argz=rm
.argz=—(n—10)
argz=—E
2
argz=-=6
.argz=0

X2—y?2 + 2«/x2+y2 =0and2xy =0
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Example # 6 : Find the modulus and principal argument of complex numberz =1 +itan o, 1< o <3?n

Solution : |Z| =\/1 +tana = |seca| = — seca , where n<a <3?TC
Arg (z) = tan™’ fana =tan-' (tana) = a—=

Ans. —seca. , a—m

Self Practice Problems

(6) Find the principal argument and |z|. If z= w
+i
(7) Find the |z| and principal argument of the complex number
z =—8(cos 3102 — i sin 310°)
Answers : (6) - /4, ¥ (7) 8,-130°
Demoivre’s Theorem :
(i) (cos 6 +isin ©)" =cos nd + i sin nd where n e 1
(i) (cos 0, +isin 0,) (cos 0, + i sin 0,) (cosb, + i sin 6,) (cos O, +isin O;) .....(Cos O +isin O,)
=CoS (0, +0, + 05+ ......... 0,) +isin (0, +06,+0;+...... +0,) wheren e N
(iii) Ifp,q e Zand q =0, then (cos 0 + i sin 6)P9 can take 'q' distinct values which are equal to

cos[@) +i sin(@] wherek=0,1,2,3, ...... ,q—1

Note : Continued product of the roots of a complex quantity should be determined using theory of equations.

Self practice problems :
(8) Prove the identity: cos 50 = 16 cos®0 — 20 cos®0 + 5 cos 6;

9) Prove that identity: cos*0 =% cos 46 + % cos 26 +§

Geometrical Representation of Fundamental Operations :
(i) Geometrical representation of addition.

iRz + 2,)

z,)

If two points P and Q represent complex numbers z, and z, respectively in the Argand plane, then the
sum z, + z, is represented by the extremity R of the diagonal OR of parallelogram OPRQ having OP
and OQ as two adjacent sides.

(ii) Geometric representation of substraction.
Q(z,)

0 \LHZ‘)
Aié ~z)
alz)
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(iii) Modulus and argument of multiplication of two complex numbers.
Theorem : For any two complex numbers z,, z, we have |z, z,| = |z,] |z,| and
arg (z,z,) = arg (z,) + arg (z,).
Proof : z,=r, €%, z,=r,e"%
z,z,=r,r, €% = 2,2,| = |2,] |z,
arg (z,z,) = arg (z,) + arg (z,)
ie. to multiply two complex numbers, we multiply their absolute values and add their arguments.
Note : (i) P.V.arg (z,z,) # P.V. arg (z,) + P.V. arg (z,)
(i) 1z, 2y .oz, | = |24 2] ... |z, |
(iii) arg (z,z, ... z,) =arg z, + arg z, + ..... +arg z,
(iv) Geometrical representation of multiplication of complex numbers.
Let P, Q be represented by z, = r, €%, z, = r, €%repectively. To find point R representing
complex number z,z, , we take a point L on real axis such that OL = 1 and draw triangle OQR similar to
triangle OLP. Therefore
R(z.z,)
Q)
g P(z))
o| L
%= Of = OR = 0P.0Q ie. OR=rr, and QOR = 0,
oQ OL
LOR=LOP + POQ + QOR =8, +6,-0, +6, =6, +6,
Hence, R is represented by z,z, = r.r, "%
(v) Modulus and argument of division of two complex numbers.
z
Theorem : If z, and z, (#0) are two complex numbers, then al =|Z—1|| and arg (Z—‘J = arg(z,)-arg (z,)
Zp 2 Zp
Note : P.V. arg (2—1] #P.V.arg (z,) - P.V. arg (z,)
Zy
(vi) Geometrical representation of the division of complex numbers.

Let P, Q be represented by z, =re% | Z =r,e% respectively. To find point R representing complex

number ﬂ, we take a point L on real axis such that OL = 1 and draw a triangle OPR similar to OQL.

Zp
Therefore %:% -~  OR =ri and  LOR = LOP - ROP =0, -0,
2
R (z,/z,)
Q(z.)
: Zy _ N i(e,-6,)
Hence, R is represented by —= — "2

Z, I
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Conjugate of a complex Number :

Conjugate of a complex number z = a + ib is denoted and defined by z = a —ib.
In a complex number if we replace i by — i, we get conjugate of the complex number. z is the mirror
image of z about real axis on Argand's Plane.

Geometrical representation of conjugate of complex number.

lzl =|z|

arg (z)==-arg (2)
General value of arg (z) = 2nt — P.V. arg (2)

Properties
: zZ+2z z-2z
i lfz=x+iy,thenx= ——,y = -
(i) y B B
(ii) z=12 & z is purely real
(iii) z+z=0 & z is purely imaginary
(iv) Relation between modulus and conjugate. |z|> =zZ
(v) Z=z
(vi) (zy£2,)= %2,
(vii) (z4 25) = Z; Z, , In general (;) =(2)"

(vl [2—1} &) (4, 4 0)

Zy (z2)
Theorem : Imaginary roots of polynomial equations with real coefficients occur in conjugate pairs

Note : If w=1f(z),then w =f(Z)
Theorem : |z, £ 2, = |2,1? + |2, £ (2,2, + Z,2,) = |z,|? + |2,/* £ 2 Re(z,Z,)
= |z, + |z,/2 £ 2 |z,| |z,| cos (0, - 6,)

Example #7: If Z—_1 is purely imaginary, then prove that | z | = 1

z+
Solution:  Re|2—1| —o Loz-1 [z
z+1 Z+1 z+1
z-1,2-1 —  27-7 +72-1427-2+Z-1=0
z+1 z+
= 2z =1 = |z =1 = | z| = 1 Hence proved

Example #8: |If z, and z, are two complex numbers and ¢ > 0, then prove that
|z, + 2,2 < (1 +C) 2,2+ (1 + ") |z,?

H . . 2 2 —1 2
Solution : We have to prove : |z, +Z,[*< (1 +¢) |z,|+ (1 +c7) |z,
i.e. 2,2 + 12,2 +2,Z,+ Z,z,< (1 +¢) |z, 2+ (1 +¢7") |z,
— — 1 — —
2 -1 2 2 2
or z,Z,+ Z,2,<clz,|*+cC |z, or clz,| +E|ZZ| -2,2,-2,2,20
2
(using Re (z,Z,) < |z, Z, {\/_|z1| — 2 |] which is always true.
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Example # 9 : Let z, and z, be complex numbers such that z, # z, and |z,| = |z,|. If z; has positive real part

and z, has negative imaginary part, then show that % is  purely imaginary.
1742
Solution : z,=r(cosf+ising), -— <0< g
z,=r(cosp+ising), -m<p<O
Zitze =—icot[—e_¢], _r <_9—¢ <3_7t
Zy—2, 2 4 2 4

Hence purely imaginary.

Self Practice Problem

(10) Iflz+a|l>|az+1| and |a|>1, then show that |z| < 1.

(11)  lfz=x+iyand f(z) = x2 — y? — 2y + i(2x — 2xy), then show that f(z) = Z° +2iz

Distance, Triangular Inequality

If z, = x; +1y,, Z, = X, + iy, , then distance between points z,, z, in argand plane is

|z, —2z,| = \/(X1 _X2)2 +(Y4 _Y2)2

In triangle OAC
OC<OA +AC
OA<AC +OC
AC<OA + OC

using these in equalities we have ||z,| — |z,|| < [z, + Z,| < [z,] + |Z,]

Similarly from triangle OAB

we have [|z,| = [z,|| < |z, = Z,| < |z,] + |Z,]

C(ztz,)
B(z,)

Az)
0
Note :
(a) l1z,] = 1zl = 12y + 2|, |2, = Z,| = |z,| + |z, iff origin, z, and z, are collinear and origin lies between z,
and z,,.
(b) |z, + 2Z,| = |z, + 1Z,], lIz4] = |Z,|| = |z, — Z,| iff origin, z, and z, are collinear and z, and z, lies on the

same side of origin.

Example # 10 : If |z— 5 - 7i| = 9, then find the greatest and least values of |z — 2 — 3i|.

Solution : We have 9 = |z — (5 + 7i)| = distance between z and 5 + 7i.
Thus locus of z is the circle of radius 9 and centre at 5 + 7i. For such a z (on the circle), we
have to find its greatest and least distance as from 2 + 3i, which obviously 14 and 4.

Example # 11 : Find the minimum value of |z| + |z — 2]

Solution : |zl +|z=2|>|z+2 -2

Izl +|z-2>2
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Example #12 : I 6, ¢ [n/6, w/3],i= 1,2, 3,4, 5, and z* cos 0, + z° cos 0, + z2 c0S B,. + z COS 6, + cOSH, = 243,

then show that |z >%

Solution : Given that cos@, . z* + cos@, . z* + cosf; . 22 + cosb, . z + Cos0; = 2V3
or lcos®, . z* + cos0, . z° + cosh; . 22 + cosb, . Z + cosO,| = 2V3

2\3 < [cos0, . z* | + |cos0, . 2% | + |cosby . 22 | + cOs0,, . Z| + |cosby |

0, € [n/6, n/3]

ls coso, < ﬁ

2 2

23 < gm“ +§ |z? +§ |z|2+§ |z|+§

3<z*+ 2P + |2 + |z
Casel :If |z| > 1, then above result is automatically true
Casell: If |z] <1, then

S<lzl+ 2P+ |zP + |z]* +|z]® + e 0

|Z]

<—— = 3-8zl <|z| = |Z| >§ Hence by both cases, |z|>g
1—|z| 4 4

Example # 13 : z—g ‘ = 2, then find maximum and minimum value of | z |.
z
Solution : |z|- <22
z z
Let |z| =r
r—§§2 :>—2sr—§s2
r r
rr+2r-320 ... (i) and rr-2r-3<0 ... (ii)

= relt,3]
from (i) and (i)
|z| .~ =3and|z| =1.

max min

Self Practice Problem

(12) |lz— 3| <1 and |z — 4i| > M then find the positive real value of M for which there exist at least

one complex number z satisfying both the equation.

(13) If z lies on circle |z| = 2, then show that <

1
24 472 +3 3

Answers : (12) M e (0, 6)
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Important results :

(i) arg z = 0 represnets points (non-zero) on ray

eminating from origin making an angle 6 with positive direction of real axis

(i) arg (z - z,) = 0 represents points (#z,) on ray eminating from z, making an angle

0 with positive direction of real axis

Example # 14 : Solve for z, which satisfy Arg (z — 3 — 2i) =g and Arg (z- 3 - 4i) = 23_7: .

Solution : From the figure, it is clear that there is no z, which satisfy both ray

Example #15 : Sketch the region given by
(i) /2> Arg (z—1-1i)>n/3 (i) |zl <4 & Arg (z—i—1)>n/4
Solution :

ANm
Im Arg(;z—1—i)=n/4

(i) (i)
Self Practice Problems
(14) Sketch the region given by
() |Arg (z—i—2)| < /4 (ii) Arg (z+1-1i)<n/6

(15) Consider the region |z — 4 — 3i| < 3. Find the point in the region which has
(i) max |z| (i) min |z|

(iii) max arg (z) (iv) min arg (z)

Answers:  (14) (il W
.~ 8 .6 L 28 .96 . .
(15) (i) §+|§ (iii) 2—5+|2—5 (iv) 4 +0i
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Rotation theorem :

(i) If P(z,) and Q(z,) are two complex numbers such that |z,| = |z,|, then z, = z, e®where 0 = ZPOQ
(i)  IfP(z,), Q(z,) and R(z,) are three complex numbers and ZPQR = 0, then [23 _ZZJ _ [ BT %2 | g0
R(z,)
Q(ZZ)L P(z)
(i) 1f P(z,), Q(z,), R(zz) and S(z,) are four complex numbers and £STQ= 6, then 23 _E“ — | 23724 | g0
1= 22 Z1=12p
P(z,) S(z,)
0
:
R(z,) Q(z,)

Example#16: If arg (z_—1j =T then interpret the locus.

z+1 4
Solution : arglE DTN | A
) NZ+1) T3 o e

Here arg (1—Zj represents the angle between lines joining -1 and z, and 1 and z. As this

angle is constant, the locus of z will be a larger segment of circle. (angle in a segment is
constant).

Example # 17 : If A(2 + 3i) and B(3 + 4i) are two vertices of a square ABCD (take in anticlock wise order) then
find C and D.

Solution : Let affix of C and D are z, and z, respectively.
Considering #DAB = 90° and AD = AB
z,-(2+3i) _ AD 7

we get = g2
98 B+ai)—(2+3)  AB
C(z)
D(z» B + 4i)
<
A(2+3i)
= z,—(2+3)=(1+i0)i = z,=2+3i+i—1=1+4i
. in
and 284D OB i) ()

(2+3i)—(3+4i) AB
- 2,=3+4i+i—1=2+5
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Self Practice Problems

(16) Let ABC be an isosceles triangle inscribed in the circle |z|= r with AB = AC. If z,, z,, z4
represent the points A, B, C respectively, show that z,z; =z,2

(17) Check that z,z, and z,z, are parallel or, not
where, z,=1+i z,=4+2i
2,=2—I z,=1-i

(18) P is a point on the argand diagram on the circle with OP as diameter, two point Q and R are
taken such that ZPOQ = ZQOR = 6. If O is the origin and P, Q, R are represented by complex
z,, z,, zg respectively then show that z,? cos 20 = z,2,c0s%0

(19) If a, b, ¢ ; u, v, w are complex numbers representing the vertices of two triangles such that
c=(1-ra+rb,w=(1-r)u+rvwhererisacomplex number show that the two triangles are
similiar.

Answers : (17) z,z, and z,z, are not parallel.

Cube Root of Unity :

() The cube roots of unity are 1,

—1+if3 -1-i3
. .

2

(i) If » is one of the imaginary cube roots of unity then 1 + @ + @ = 0. In general 1 + o' + »* = 0;
where r € I but is not the multiple of 3.

(iii) In polar form the cube roots of unity are :
. 2n . . 2m 47 . . 4=n
cos 0 +isin 0;cos — +isin, — cos — +isin —
3 3 3 3
(iv) The three cube roots of unity when plotted on the argand plane constitute the verties of an

equilateral triangle.

(V) The following factorisation should be remembered :
(a, b, c € R & m is the cube root of unity)
a®-b®=(a—b)(a—wb) (@a—®) ; X°+x+1=x—00) (x— ®? ;
ad+bP=(a+b)(@a+mwb) (a+w’h) ; a®+ab+b?=(a-bo)(a-bn’)
a®+b%+c®—3abc=(a+b+c)(a+ wb+ wk)(a+ w2+ )

Example # 18 : Find the value of ©* + ®'% + ©'%.
Solution : W0 + ©'% + '
?+1+w0=0.

Example # 19 If W is an imaginary cube root of unity then find the value of + LI
1+2w  2+w  1+w
Solution : 1 + ! _ ] = 1 + T 12
T+w+w  1+(1+w)  1+w  —w2iw  1-w? -w
1 1 1 w(l+w)+w? +1-w? 1+w+w?
= + o 3= 2 2 I 2y
w(l-w) (1-w®) w we(1—w*) we(1—w*)
Ans. 0
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Self Practice Problem

100

(20) Find 2(1 +0 +0%)
r=0

(21) It is given that n is an odd integer greater than three, but n is not a multiple of 3. Prove that
x3 + x2 + x is a factor of (x + 1)" = x" — 1

(22) lfx=a+b,y=aa+bp,z=aP +bawhere a, § are imaginary cube roots of unity show that
xyz = a% + b3
5 2
2 : n 1
(23)  Ifx2—x+ 1 =0, then find the value of Z (x +—nj
n=1 X

Answers : (20) 102 (23) 8

n'" Roots of Unity :

If 1, oLy, Oy, O ... @, _, are the n, n root of unity then :
Imaginary axis

3
o

o
Ol

2n/n \1

Real axis
(1,0
(i) They are in G.P. with common ratio /™"
(ii) *+af +ab +..+aP . =0if pisnot an integral multiple of n
=n if p is an integral multiple of n

(iii) (1-0o,) (1—0,)..... (1-a, )=n &

(1+o,) (1 +0a,)...... (1+a, ,)=0ifnisevenand1if nis odd.
(iv) 1.0 O, Ol o, 4= 1o0r—1according as n is odd or even.

Example # 20 : Find the roots of the equation z° = — 32i, whose real part is negative.

Solution : 75 = — 32i
- i(4n-1)Z
5= 2e 2 n=0,1,2,3,4.
i(4n-1)~

z=2e i
i ;3n i7l im iﬁ i7l im
z=2e 0,210 2e10 2e 10 = 2e 10 roots with negative real part are 2e 19 ,2e 10 .

&\( . 2nk 2k
Example #21: Find the value Z(sm— —cos—]
k=1 7 7
6 6 6 6
Solution : Z[sinz—nkj—Z[cosz—nkj = zsin% — cos% +1
k=1 7 k=1 7 k=0 7 k=0 7

/\
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Self Practice Problems

1
2— 0,

4
(24)  If1,a,, a,, ay, a, are the fifth roots of unity then find »"
i=1

(25)  If a, B, y are the roots of x> — 3x? + 3x + 7 = 0 and o is a complex cube root of unity then prove
that OL_1+B_‘|+ il =302
-1 y—-1 a-1

(26)  Find all values of (- 256)"* Interpret the result geometrically.
49
31

(26) 4 {cos(%jnﬂsin(zrﬂ

circle of radius 4 & centre (0, 0)

Answers : (24)

jn}, r=0, 1, 2, 3; vertices of a square in a

The Sum Of The Following Series Should Be Remembered :

()  cosO+cos20+cos30 +... +cosne=s'.”(”e/2) COS[”“]G.
sin(6/2) 2
(i) sin® +sin20 +sin30 +..... +sinn6=Si.n(ne/2) Sin[”+1j 0.
sin(6/2) 2

Note : If © = (27/n) then the sum of the above series vanishes.

Geometrical Properties :
Section formula

If z, and z, are affixes of the two points P and Q respectively and point C divides the line segment

joining P and Q internally in the ratio m : n then affix z of C is given by
7= M2 t02 where m,n >0
m+n
m-n

If C divides PQ in the ratio m : n externally then z =

Note : If a, b, c are three real numbers such that az, + bz, + €z = 0 ; wherea + b + ¢c =0 and a,b,c are not all
simultaneously zero, then the complex numbers z,, z, & z, are collinear.

(1) If the vertices A, B, C of a A are represented by complex numbers z,, z,, z, respectively and a, b, ¢ are
the length of sides then,
. . Zy+ 2, + 24
(i) Centroid of the AABC= ——:
(i) Orthocentre of the A ABC =
(asec A)z; + (b secB)z, + (c secC)zg or Z11anA +2z,tanB + z3tan C
asecA + bsecB + csecC tanA + tanB + tanC

(iii) Incentre of the A ABC = (az, + bz, + cz;) + (a + b +¢).
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Complex Numbers /

(iv) Circumcentre of the A ABC =:
(Z,sin 2A + Z,sin 2B + Z, sin 2C) + (sin 2A + sin 2B + sin 2C).

amp(z) = 0 is a ray emanating from the origin inclined at an angle 6 to the positive x— axis.
|z—al = |z-bl isthe perpendicular bisector of the line joining a to b.
The equation of a line joining z, & z, is given by, z = z, + t (z, - z,) where t is a real parameter.

z =2z, (1 +it) where tis a real parameter is a line through the point z, & perpendicular to the line joining
z, to the origin.

The equation of a line passing through z, & z, can be expressed in the determinant form as
z z 1

z, z; 1=0.This is also the condition for three complex numbers z, z,, z, to be collinear. The above
z, z, 1
equation on manipulating, takes the formaz + az +r = 0 where r is real and o is a non zero complex
constant.

z-2
2=i£
zZ -z, 2

The equation of the circle described on the line segment joining z, & z, as diameter is arg
or (z—z)(z=2z,)+(z—-2)(z - z,)=0.

. a . . Zq—Z Z,—Z
Condition for four given points z,, z,, z; & z, to be concyclic is the number =>—1 . =%=2 should be
Za—Z Zy—Z
3 2 4 1

real. Hence the equation of a circle through 3 non collinear points z,, z, & z, can be taken

(z—zz)(zs—z1)is A N (2-25)(23-2) (2-2,)(23-%)

e-2)(2-2,) (2-2)(25-2) (2-2) (%5 2)

Arg ( 274 ] = 0 represent (i) a line segment if 6 =«
z-2,

(i) Pair of ray if 6 =0 (iii) a part of circle, if 0 < 6 < 7.

If |z—z,| +|z-2z,| =K> |z, — z,| then locus of z is an ellipse whose focii are z, & z,

If |Z=%1|—k where k < (0, 1) U (1, o), then locus of z is circle.
z-2,
If | [z—2z, | = [z-2,| | =K< |z, =2z, then locus of z is a hyperbola, whose focii are z, & z,.

/\
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Match the following columns :

Example # 22 :

Column -1 Column - II
(i) Iflz-—3+2i|—-|z+i]|=0, (i) circle
then locus of z represents ..........
z-1 T .. . .
i If — ==, Straight |
(ii) arg (z +1j 2 (ii) raight line
then locus of z represents...
(iii) iflz—8-2i|+|z-5-6i|=5 (iii) Ellipse
then locus of z represents .......
: z-3+4i 5n .
iv lfarg | ——— |= —, iv Hyperbola
(iv) g [z+2—5i] 5 (iv) yp
then locus of z represents .......
(V) flz-1]|+|z+i|=10 (V) Major Arc
then locus of z represents ........
(vi) |z—=3+i|—-]z+2-i|=1 (vi) Minor arc
then locus of z represents .....
(vii) |z-3i|=25 (vii)  Perpendicular bisector of a line segment
(vii)  arg (wj — (vii)  Line segment
Z+i
Ans. I (i) (ii) (iii) (iv) (v) (vi) (vii) (viii)
I (ii), (vii)(v) (viii) — (vi) (iii) (iv) (i) (viii)

Solution :

If z,, z, & z, are the affixes of three points A, B & C respectively and satisfy the condition

1z, = 2,| = |24 + |z,] and |(2 - i) Z, + iz5 | = [z,] + |[(1 =) Z, + iz,| then prove that A ABC in a right

angled.

|24

=

=

i.e.

-2zl =1z,] + |z

ol
z,, Z, and origin will be collinear and z,, z, will be opposite side of origin
Similarly (2 - i) z, +iz5 | = |z, + [(1 =) Z, + iz,

z,and (1 -1i) z, + iz; = z, say, are collinear with origin and lies on same
side of origin. Let z, = Az, , A real

then (1 -1i) z

1 tizg= kz1

i(z,—2)=(A— 1)z, :M=(X—1)I:>Z()3;Z1=mei"/2,m=k—1

2 4
z, -z, is perpendicular to the vector 0 -z, .

also z, is on line joining origin and z,

so we can say the triangle formed by z, , z, and z, is right angled.

/\
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Il Exercise-1

= Marked questions are recommended for Revision.

PART - | : SUBJECTIVE QUESTIONS

Section (A) : Algebra of Complex Numbers and Its Representation and Demoivre’s Theorem
A-1.  Find the real values of x and y for which the following equation is satisfied :
(i) (1+1) x.—2|+(2—3|).y+| _
3+i 3-i

L A 5+ 6i
1+ 2i 3+2i 8i-1
(iii) (2 +3i) x2— (3-2i) y = 2x — 3y + 5i
(iv) 4x2 + 3xy + (2xy — 3x?) i = 4y? — (x?/2) + (3xy — 2y?) i

A2 . Letz- 1£26Ein0)
1—(sin0)i
(i) Find the number of values of 8<[0, 4xn] such that z is purely imaginary.
(ii) Find the sum of all values of 6<[0, 4n] such that z is purely real.
A-3. (i) Find the real values of x and y for which z, = 9y — 4 — 10ix and z, = 8y? — 20i are conjugate
complex of each other.
(i) Find the value of x* — x3 + x2 + 3x =5 if x = 2 + 3i
A-4. Find
(i) the square root of 7 + 24 i (i) fi +v—i

A-5.  Solve the following for z : 22 — (3 — 2i) z = (5i — 5)

A-6.  Simplify and express the result in the form of a + bi :

af _iY
(i) -i(9+6i)@2-i)" (ii)(2i+1J
1 : N e
W icos) +2isin6 (v) (3 +i)e"®
A-7.  Convert the following complex numbers in Eulers form
(iYz=-n (i) z = 5i (i) z=— 3 i (iv)z=-2 (cosg+ isingj

A-8.  Find the modulus, argument and the principal argument of the complex numbers.
(i) z=1+ 00318—TE +isin 18n (ii) z =-2 (cos 30° + i sin 30°)
25 25
i—1

. 2n . 2n
i|1-cos— |+sin—
5 5

(i) (tan1—i)2 (iv)

A-9.= Dividing polynomial f(z) by z — i, we get the remainder i and dividing it by z + i, we get the remainder
1 + i. Find the remainder upon the division of f(z) by z2 + 1

A-10. I (/3 +1)'® = 2% (a + ib), then find
(i) @ + b? (ii) b

® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
/\ Besfobnance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
ucating for better tomorrow I o 1800 256 5555 | CIN: UB0302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Complex Numbers / “_

A-11. If nis a positive integer, prove the following

(1) (1+cosO+isinB)"+ (1 +cosO—isinb)=2+1 cos“g cosnz—e .

i)  (d+in+(d—ip=o2” cos %

m

j =1(me2).

icotd +1

A-12.= Show that e2m | -
icotd—1

Section (B) : Argument / Modulus / Conjugate Properties and Triangle Inequality

B-1. Ifz=x+iyis a complex number such that z = (a + ib)? then
(i) find z, Zz
(ii) show that x? + y? = (a2 + b?)? x2 + y2 = (a® + b?)?

B-2.  If z, and z, are conjugate to each other, then find arg (-z,z,).

B-3. Ifz (- 1) is a complex number such thatz—_l is purely imaginary, then find |z|
Z+

B-4. If|z-2|=2|z-1|, where z is a complex number, prove |z|2=g Re (z) using
(i) polar form of z, (i) z = x + iy, (iii) modulus, conjugate properties

B-5.  For any two complex numbers z., z, and any two real numbers a, b show that
laz, —bz,|? + bz, + az,]> = (a® + b?) (|z,? + |2,%)

B-6.=. If z, and z, are two complex numbers such that |z,| < 1 < |z,| then prove that 1222, 1.
Z4=2p
B-7. Ifk>0,|z|=|w]=kand o =——", then find Re(a).
k= +zw
: Z+i . :
B-8. (i) If w= —— is purely real then find arg z.
Z—i

i) w=2td
z+2

is purely imaginary then find |z + 3i|.

B-9.» Ifa=¢e*,b=¢e® c=e" andcos a +cos B + cosy =0 =sin a + sin B + sin y, then prove the following
(i) a+b+c=0 (i) ab+bc+ca=0
(iii) a?+b%2+c?2=0 (iv) % cos 2a = 0 = X sin 2a

B-10. If|z—1 +i] + |z +i| = 1 then find range of principle argument of z.
Section (C) : Geometry of Complex Number and Rotation Theorem
C-1. If [z—2+i| =2, then find the greatest and least value of |z|.

C-2.» If |z + 3] <3 then find minimum and maximum values of
(i) Izl (ii) |z -1 (iii) |z + 1]

C-3. Interpret the following locus in z € C.
(i) 1<|z-2il <3 (ii) Im (z) > 1
(i)  Arg(z—3—4i)=n/3 (iv) Re[_z+2lj <4 (z# 2i)
iz+2
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C-4. If O is origin and affixes of P, Q, R are respectively z, iz, z + iz. Locate the points on complex plane. If
APQR = 200 then find
(i) |z (i) sides of quadrilateral OPRQ

C-5.  The three vertices of a triangle are represented by the complex numbers, 0, z, and z,. If the triangle is
equilateral, then show that z,2 + z,2 = z,z, . Further if z, is circumcentre then prove that z,? + z,2 = 3z2.

C-6. Let z, and z, be two roots of the equation z2 + az + b = 0, z being complex. Further, assume that the
origin, z, and z, form an equilateral triangle. Then show that a? = 3b.

C-7. Letz, =10+ 6iand z,=4 + 6i. If zis any complex number such that the argument of (z-z,)/ (z-1z) is
n/4, then find the length of arc of the locus.

z-8i o
C-8.» Let I: A =+—
= e rg(z+6j 2

In: Re[z_s') -0
Z+6

Show that locus of z in I or II lies on x2 + y? + 6x — 8y = 0. Hence show that locus of z can also be
z-8i . z+8i
z+6 z+6

represented by

= 0. Further if locus of z is expressed as |z + 3 — 4i| = R, then find R.

C-9.=Showthatzz + (4 — 3i)z + (4 + 3i) z + 5 =0 represents circle. Hence find centre and radius.

C-10.= If z, & z, are two complex numbers & if arg =g but|z1 + 22|¢|z1 = 22| then identify the figure

formed by the points represented by 0, z,, z, & z; + Z,.
Section (D) : Cube root and nt* Root of Unity.
D-1. If o (# 1) be a cube root of unity and (1 + ©*)" = (1 + @?)" then find the least positive integral value of n
D-2.  When the polynomial 5x3 + Mx + N is divided by x® + x + 1, the remainder is 0. Then find M + N.

D-3. Showthat(1- o+ ®?) (1 — &® + ®*) (1 — 0* + @F) .......... to 2n factors = 2

D-4. Let o is non-real root of x3 = 1
(i) fP=0",(neN)andQ=(*C, +2C, + ......... )+ (C, +2C, + ......... Jo + (>C, +2C, + ......... )

then find E
Q
.. o o o 1-0° .
(i) fP=1- §+T_? ...... upto « terms and Q = then find value of PQ.

D-5. fx=1+ i\/?j; y=1 —i\/?j and z = 2, then prove that x? + y? = z° for every prime p > 3.

D-6.= Solve (z—-1)*-16 = 0. Find sum of roots. Locate roots, sum of roots and centroid of polygon formed by
roots in complex plane.

D-7.  Find the value(s) of the following
3 3/4
. 1 -3 .1 «/—3
(i) -+ — (i) | =+
2 2 2 2

Hence find continued product if two or more distinct values exists.

D-8.» If1, ay, a,, ag, a, be the roots of x5 — 1 = 0, then find the value
mz_ I 0)2_ %2 mz_ 93 wz_ %4 (where o is imaginary cube root of unity.)
0" -0y O —dy O — 03 O — 04
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D-9. a-=cos % +isin % then find the quadratic equation whose roots are

a=a+a’+a*tandB=a*+a+ab

PART -1l : ONLY ONE OPTION CORRECT TYPE

Section (A) : Algebra of Complex Numbers and Its Representation and Demoivre’s Theorem

A-1.  If zis a complex number such that |z| = 4 and arg(z) = %ﬂ , then z is equal to

(A)—2 3 +2i (B)2 3 +i (C)2 3 -2i (D) -3 +i
A-2.  The complex numbers sin x + i cos 2x and cos x — i sin 2x are conjugate to each other, for

(A)x =nm (Byx=0 (C) x= n?n (D) no value of x
A.3. The least value of n (n € N), for which [%jﬂ is real, is

(A) 1 (B)2 (C)3 (D) 4

A-4. In G.P. the first term & common ratio are both % (\/§+i) , then the modulus of nt" term is :

(A) 1 (B) 2 (C) 4 (D) 3"
A-5. Ifz=(3+7i) (p +iq), where p, q € I — {0}, is purely imaginary, then minimum value of |z|? is
(A)O (B) 58 (C) ?’i’ﬁ (D) 3364
A6 Ifz=x+iyandz"®=a—ibthen 2 - % =k (a®-b?) where k =
(A)1 (B) 2 (€3 (D) 4
A7. Ifz=Z (1 +ip =i, */;"_ sthen | 21 |equals
4 Jr+i 1+mi amp(z)
(A) 1 (B) m (C) 3n (D) 4
A-8. The set of values of a € R for which x? + i(a— 1) x + 5 = 0 will have a pair of conjugate imaginary roots
is
(A) R (B) {1}
(C){a:a?-2a + 21 > 0} (D) {0}

A-9. Let z is a complex number satisfying the equation, z8 — (3 + i) z + m + 2i = 0, where m € R. Suppose
the equation has a real root a, then find the value of a* + m#4
(A) 32 (B) 16 (C)8 (D) 64

- - when simplified reduces to :
1-itana 1-itanna

(A) zero (B) 2sinna (C)2cosna (D) none

. n .
A-10. The expression (1+|tanaj _1+|tanna

A-11. If (cosO + i sinB) (cos 26 + i sin 20) ... (cos nO + i sin nB) = 1, then the value of 6 is

3mn 2mn dmz mn
(A) e” (B) ,meZ (C (D) "1

, m , el
n(n+1) n(n+1) n(n+1)

A-12. Let principle argument of complex number be re-defined between (n, 3x], then sum of principle
arguments of roots of equation z6 + 22+ 1 =0 is
(A)O (B) 3n (C) 6n (D) 12%
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Section (B) : Argument / Modulus / Conjugate Properties and Triangle Inequality

B-1.

B-2.

B-3.

B-4.

B-5.=

B-6.

B-7.

B-8.x=

B-9.

B-10.

B-11.

If|z]=1and ® =Z—_1 (where z = —1), the Re(w) is
Z+

(A) 0 - 20 L B
|z+1] z+1] | z+1| |z+1]
|fa2+b2=1’then w =
(1 + b —ia)
(A) 1 (B) 2 (C)b +ia (D)a+ib
If (2 +10)(2 + 2i) (2 + 3i) ...... (2 + ni) = x + iy, then the value of 5.8.13. ....... (4 +n?)
(A) (2 +y?) B) \(x*+y?) (C) 20 +y?) (D) (x+Y)
If z =x + iy satisfies amp (z — 1) = amp (z + 3) then the value of (x — 1) : y is equal to
(A)2:1 B)1:3 (C)-1:3 (D) does not exist
Ifz,=-3+51i;2, =-5-3iand zis a complex number lying on the line segment joining
z, & z,, then arg(z) can be :
3n T T 5n
A)- — B) —— C) = D) —
(A -~ B) -7 ©) ¢ (D) =
If(1+i)z=(1-1i) z thenzis
(A)td —i),te R B)t(1 +i),teR (C)ﬁ,teF% (D)ﬁ,teR*
+ p—
Let z and  be two non-zero complex numbers such that |z| = |o| and arg z = & — arg o, then z equals
(A) o (B) —o €) o (D) -o
z
If z, and z, are two non-zero complex numbers such that 2o and arg(z,z,) = %ﬂ , then s equal to
2 Zp
(A) 2 (B) -2 (C) -2i (D) 2i
Number of complex numbers z such that |z| =1 and|z/z+Zz/z|=1is (arg(z) € [0, 2x])
(A) 4 (B) 6 (C) 8 (D) more than 8
If |z,| = |z,| and arg (z,/z,) = &, then z, + z, is equal to
(A) 1 (B)3 (€0 (D)2
The number of solutions of the system of equations Re (z?) =0, |z| =2 is
(A) 4 (B)3 (C)2 (D)1

B-12.w If |z2-1| =|z?| + 1, then z lies on :

B-13.

(A) the real axis (B) the imaginary axis (C) a circle (D) an ellipse

If |z—2i| + |z—2]| > ||z| - |z — 2 - 2i||, then locus of z is
(A) circle (B) line segment (C) point (D) complete x-y plane

Section (C) : Geometry of Complex Number and Rotation Theorem

C-1.

The complex number z = x + iy which satisfy the equation 2=
zZ+

‘ =1lieon:
(A) the x-axis (B) the straight line y =5
(C) a circle passing through the origin (D) the y-axis

The inequality |z — 4| < | z - 2| represents :
(A) Re(z) >0 (B) Re(z) <0 (C)Re (2) >2 (D) Re(z) >3

/\
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/\

C-3. Let A, B, C represent the complex numbers z,, z,, z; respectively on the complex plane. If the
circumcentre of the triangle ABC lies at the origin, then the orthocentre is represented by the complex

number :

(A) Zy+2,- 24 (B) 2, + 23— 4 (C) z3+2,-12, (D) zy + 2, + 4

C4. IfArg(z—2-3i)= %, then the locus of z is

|z+1

C-5. The system of equations

(A) no solution
(C) two distinct solutions

/(2. 3)

—-i| =2
| . 1} , Where z is a complex number has :

(B) exactly one solution
(D) infinite solution

C-6. The locus of z which lies in shaded region is best represented by

(A) |z <1, ‘?" <argzs

(C)]z|=0, 0< argzgg

N a

a
N=

(B) |z|=1,‘?’E <argz< 0

(D) |z] <1, _?“s argz< n

C-7. Theequation |z— 1% + |z + 1|> = 2 represents

(A) a circle of radius '1'
(C) the ordered pair (0, 0)

(B) a straight line
(D) None of these

C-8. Ifarg [Z _2j = then locus of zis

z-4 3
(A) equileteral triangle

(C) arc of ellipse

(B) arc of circle

(D) two rays making angle g between them

C-9.  The region of Argand diagram defined by |z—1| + |z + 1| <4 is:

(A\) interior of an ellipse

(B) exterior of a circle

(C) interior and boundary of an ellipse (D) exterior of ellipse

C-10.= The vector z = — 4 + 5i is turned counter clockwise through an angle of 1802 & stretched 1.5 times. The
complex number corresponding to the newly obtained vector is :

15 . 15 . 15 . 15 .
A)6-——i B)-6+——i C)6+—i D) 6-—i
(A) > (B) 5 (©) > (D) 5
C-11. The points z,, z,, 5, z, in the complex plane are the vertices of a parallelogram taken in order if and
only if :
(A) 21+ 2, =25+ Z4 B)zy+z3=2,+2, (C)zi+2z,=23+2, (D) zyz3=2,2,

C-12.=.Complex numbers z, ,

z, , z, are the vertices A, B, C respectively of an isosceles right angled triangle

with right angle at C and (z, — z,)* = k(z, - z,) (z, — 2,), then find k
(A) 1 (B)2 (€)3 (D) -2
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C-13.

If z,, z,, z, are vertices of an equilateral triangle inscribed in the circle [z| =2 and if z, =1 +i J3, then
(A)z,=-2,2,=1+1 3 (B)z,=2,2,=1-1 3
(C)z,=-2,2,=1-i 3 (D)z,=1-i3,z,=—1-i 3

Section (D) : Cube root of unity and nt" Root of Unity.

D-1.  Letz, and z, be two non real complex cube roots of unity and |z —z,|> + |z — z,* = A be the equation of a
circle with z,, z, as ends of a diameter then the value of A is
(A) 4 (B)3 (C)2 (D) V2
D-2. Ifx=a+b+c,y=aa+bB+candz=ap+ba+c, where o and  are imaginary cube roots of unity,
then xyz =
(A) 2(a® + b® + ¢¥) (B) 2(a® — b® —c?) (C)a®+b*+c®—3abc (D) a®—-b*-c?
1 o o™
D-3. If1, ®, o? are the cube roots of unity, then A = [0@" ©®" 1|, (n 1) is equal to-
o 1 "
(A)O (B) 1 (C) o (D) o?
D-4. If x2+ x + 1 =0, then the numerical value of
1V (o 1Y (s 1F (4 1Y o 1YV, "
X+; + | X +X—2 + | X +X—3 + | X +X—4 S ... + | X +X7 IS equal 1o
(A) 54 (B) 36 (C) 27 (D) 18
3 6 4 7 2 5 8
D-5. lfast+ ot b, D=Xt ot g, BEE . S
I 6! 4! 71 2! 51 8l
then find a3 + b3 + ¢3 — 3abc.
(A)1 (B)2 (C)3 (D) 4
D-6 If equation (z—1)"=2z" = 1(n € N) has solutions, then n can be :
(A)2 (B)3 (C)6 (D)9
D-7. Ifaisnonrealand a =31 then the value of 21+ + +o*~a’l js equal to
(A) 4 (B)2 (C)1 (D)8
D-8. If o =¢®""then Real (o + o® + o® + a* + 0) equals to :
1
(A) (B) 1 (C)- 2 (D) -1
PART - lll : MATCH THE COLUMN
1. Match the column

Column -1 (Complex number Z) Column - II (Principal argument of Z)
2
(141 (1+31)
A L= P =
—2|(—J§+ |)
(B) Z=sin% +i[1+cos%j is @ _:_g
(C) Z=1+cos (11?7:) +1isin (ﬁ?nj (r) ?—g
(D) Z = sinx sin(x — 609) sin(x + 609
where xe (O,Ej andx € R (s) _5r
3 12

() 0

/\
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2.n Columnl

/\

Column i
(one of the values of 2z)

A z¢-1=0 . z=cos ~ +isin =
(A) P 3 3
(B) z2+1=0 q z=cos——|3|ng
(©) iz¢2+1=0 r. z=cos ~ +isin X
4 4
(D) iz2-1=0 S. z=cos0+isin0
3. Which of the condition/ conditions in column Il are satisfied by the quadrilateral formed by z,, z, z,, z, in
order given in column | ?
Column - | Column-II
(A) Parallelogram (p) z2,-2,=2,-2,
(B) Rectangle () |z, = z,| = |z, - 2,
(C)  Rhombus (r) 21722 i reql
(D)  Square (s) 21723 s purely imaginary
(t) K k3 is purely imaginary
Z3 =23
4.n Letzlieson|z|=1and z,lieson|z|=2.
Column -1 Column - 1II
(A) Maximum value of | z; + z, | (p) 3
(B) Minimum value of | z, — z, | () 1
(©) Minimum value of | 2z, + 3z, | (r) 4
(D) Maximum value of | z, — 2z,| (s) 5

Bl Exercise-2

w. Marked questions are recommended for Revision.

PART -1 : ONLY ONE OPTION CORRECT TYPE

3.=

sin-1{ 1 (z=1) } , Where z is nonreal, can be the angle of a triangle if
i

(A) Re(z) =1,Im(z) =2 (B) Re(z) =1,0<1Im (2)

<1
(C) Re(z) + Im(z) = 0 (D) Re(z) =2, 0 <Im (z) < 1

If |z]? — 2iz + 2¢(1 + i) = 0, then the value of z is, where c is real.
(A)z=c+1i(—1 +y1-2c—c? ), where ce[-1 — v2, -1 +42 ]
(B)z=c—1i(=1+\1-2c—c?), where ce[-1 — /2, —1 +2 ]
(C)z=2c+1i(-1+1-2c—c? ), where ce[-1 - 2, -1 +2 |
(D)z=c+1i(=1£)\y1-2c—c? , where ce[-1 - 2,1 ++2 ]

If (a+ib)>=a +ip, then (b +ia)® is equal to
(A) B +ia (B) a—ip (C) B —ia (D)—a—ip

/\
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2

1+z+2z

4. Let z be non real number such that 1—2 € R, then value of 7|z| is
-z2+z
(A) 1 (B)3 (C)s (D)7
5.x If |z,| =2, |z,] =3, |z5] =4 and |z, + Z, + Z5| = 2, then the value of |4z,z; + 925z, + 16Z,Z,|
(A) 24 (B) 48 (C) 96 (D) 120
6. The minimum value of |3z-3| + |2z—4| equal to
(A) 1 (B)2 (C)3 (D) 4
7. If|z, -1 <1,]z,-2| <2, |z,—- 3| <3, then |z, + z, + ]
(A\) is less than 6 (B) is more than 3
(C) is less than 12 (D) lies between 6 and 12
8. LetO=(0,0);A=(3,0) ;B =(0,—-1) and C=(3, 2),then minimum value of |z|+|z—3|+|z+i|+|z—3-2i| occur
at
(A) intersection point of AB and CO (B) intersection point of AC and BO
(C) intersection point of CB and AO (D) meanof O, A, B, C
9. Given z is a complex number with modulus 1. Then the equation [(1 + ia)/(1 —ia)]* = z in 'a’ has
(A\) all roots real and distinct (B) two real and two imaginary
(C) three roots real and one imaginary (D) one root real and three imaginary

10.=» The real values of the parameter ‘a’ for which at least one complex number z = x + iy satisfies both the
equality |z-ai| =a+4andthe inequality lz-2| <1.

21 5 7 5 57 21 7
A|-——,——= B) | -——,—— C)|=.— D) | -—,=
()(10 6] ()(2 6] ()[GZJ ()[102J
11. The points of intersection of the two curves |z-3| =2and |z| =2inan argand plane are:
1 : 1 . 3 .. |7 7 . |3
(A)E(7i|\/§) (B)E(Silﬁ) ©) 3 %i5 (D) 5 %[5
12. The equation of the radical axis of the two circles represented by the equations,

|z-2| =3and |z-2-3i] = 4 on the complex plane is :
(A)3iz-38i z-2=0 (B)3iz-3i z+2=0 (C)iz—iz+1=0 (D) 2iz—2i z+3=0

|z-1] + 4 .
13.»  If logys| =——>——= | > 1, then the locus of z is
3|z -1| -2
(A) Exterior to circle with center 1 + i0 and radius 10
(B) Interior to circle with center 1 + i0 and radius 10
(C) Circle with center 1 +i0 and radius 10
(D) Circle with center 2 + i0 and radius 10
14. Points z; & z, are adjacent vertices of a regular octagon. The vertex z, adjacent to z, (z; # z,) is
represented by :
1 1
Az, +—= (1xi)(z;+2 B)z,+ —= (1xi)(z,-z
()2\/5( ) (24 + 2,) ()2\/5( ) (z4-2,)
(C) 2, + % (1£0) (2, 2,) (D) none of these

15 Ilfp=a+bo+cow’,g=b+co+an’andr=c + am + bo? where a, b, ¢ # 0 and o is the non-real
complex cube root of unity, then :
(A p+g+r=a+b+c (B)p?2+0Q2+r2=2a2+Db?+c?
(C)p2+ 02 +r2=2(pg + qr + rp) (D) None of these
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16. The points z; =3 + J3iand Z, = 23 +6iare given on a complex plane. The complex number lying
on the bisector of the angle formed by the vectors z; and z, is :

(A)Z=(3+2\/§)+J§+2i

(B)z=5+5i
2 2

Cz=—-1-i (D) none
17. Let o be the non real cube root of unity which satisfy the equation h(x) = 0 where h(x) = x f(x®) + x2g(x®).

If h(x) is polynomial with real coefficient then which statement is incorrect.

(A)f(1)=0 (B)g(1)=0 (C)h(1)=0 (D) g(1) = (1)
18.=  If 1, ay, ay, 0g,....... , o, 4 be the nt" roots of unity, then the value of

. . 2n . 31 . (n=1)n
sin—.sin— . sin— ........ sin———— equals
n n n n
n n n+1 n
(A) o B) © S ©

PART - Il : NUMERICAL VALUE QUESTIONS

INSTRUCTION :

% The answer to each question is NUMERICAL VALUE with two digit integer and decimal upto two digit.

% If the numerical value has more than two decimal places truncate/round-off the value to TWO decimal
placed.

1. If a and b are positive integer such that N = (a + ib)® — 107i is a positive integer then find the value of g

2.»  Let z,w be complex numbers such that z+iw =0 and arg zw = . If Re(z) < 0 and principal arg(z) is

00

3. If x =918 Q18 Q127 oo y = 418 4-194127 oo and z = 2(1 +i)" and principal argument of P = (x + yz) is

r=1
Ja

—tan-' [FJ then determine a? + b2 (where a & b are co-prime natural numbers)

4xn z,,z,ecand z? + 2,2 € R, z,(z22-322) =2, z, (32,2 - 2,%) = 11. If 2,2 + 2,2 = A then determine A

5.a Let |zl =2 and w = z_+1 where z, weC (where C is the set of complex numbers). If maximum and

minimum value of |w| is M and m respectively then value of M + m.

6. A function 'f' is defined by f(z) = (4 + i)z? + az + y for all complex number z, where o and y are complex
numbers if f(1) and f(i) are both real and the smallest possible values of |a| + |y| is p then determine p.

7.x If z and » are two non-zero complex numbers such that |zo| = 1, and arg (z) — arg(w) = g then find
the value of 10z .

8.»n Number of complex number satisfying |z| = max {|z - 1], |z + 1]}

9.m= If z, & z, both satisfy the relation, z + Z=2|z-1| and arg (z, - z,) = % then find the imaginary part
of (zy + 2,).

10.= If a; a, a;... a,, A; Ay As.... A, k are all real numbers and number of imaginary roots of the

A2 A2 Az
equation —— + —2 4+ .. +—"1 =kis a (where all Ai = 0). Then find the value of a + 15.
X-a, X-a, X-a

n
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n
11.=.  How many complex number z such that | z | < % and Zarz' =1 where |a| < 2.
r=1

12. If a variable circle S touches S, : |z —z,| = 7 internally and S, : |z — z,| = 4 externally while the curves S,
& S, touch internally to each other, (z, # z,). If the eccentricity of the locus of the centre of the curve S is
‘e’ find the value of e.

13.s  Given that, |z - 1| =1, where 'z "' is a point on the argand plane. 2= 2= o i tan (arg z). Then
: 1
determine —-.
(04
14. Area of the region formed by lz| <4 & —% <argz sg on the Argand diagram is

15.=  The points A, B, C represent the complex numbers z,, z,, z, respectively on a complex plane & the
angle B & C of the triangle ABC are each equal to % (m—a). f(z,- 252 =X (23— 24) (21— 2,) sinZ%

then determine A2
1 1 1
+

16.= If w and »? are the non-real cube roots of unity and a, b, ¢ € R such that + = 20
a+o b+o c+ow
1 1 1 1 1 1 .
and + + =2o. If g8 + = A then determine A4
a+o® b+ow® c+o? a+1 b+1 c+1
17. If L= lim N —+ y e + n - |then value of 9L%is
ool (1-ne)(1-now)  (2-nw)(2-non?) (n—nw)(n—nw)
6 2k 2k
18.  Thevalueof ) [sin— — icos—j = o then find o4
k=1 7 4
oY 14Z +Z5+Z3 4. +2Z;
19.= IfZ =|e 15 | then value of arg is
Uar Zg de Zgy 22 2y P s +Zyy
20n IfALA, ... , A, be the vertices of an n-sided regular polygon such that 1 = 1 + 1 , then
find the value of n
PART - lll : ONE OR MORE THAN ONE OPTIONS CORRECT TYPE
1. If the biquadratic x* + ax® + bx? + cx + d = 0 (a, b, ¢, d € R) has 4 non real roots, two with sum 3 + 4i
and the other two with product 13 + i.
(A) b =51 (Bya=-6 (C)c=-70 (D)d =170

2.»  The quadratic equation z2 + (p +ip') z + q + ig’ = 0; where p, p', g, ' are all real.
(A) if the equation has one real root then g2 pp’'q’ + qp'2 = 0.
(B) if the equation has two equal roots then pp’' =2q".

(C) if the equation has two equal roots then p2 - p'? = 4q
(D) if the equation has one real root thenp’2—pp’'q’+q'2 = 0.
3. The value of i" +i™, for i = \/jand nelis:
n n2n H2n _i\2n H2n n n n
(A) 2'2 . (1+1) B) (1+1) . (1-1) (C) (1+1) . 2.2 (D) 2'2 . 2.2
(102" 2" on on 2" (i) A+ (1=

4. = Ifamp(z,z)=0and|z,|=|z,| =1, then
(A)z,+2,=0 (B) z,z,=1 (C)z,=2, (D) z, =z,
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5.»

10.=

11.

12

13.

14.»=

Let z, and z, are two complex numbers such that (1 —i)z, = 2z, and arg(z,z,) =g , then arg(z,) is equal

to
(A) 31/8 (B) n/8 (C) 5n/8 (D) — 7n/8
If |z, + z,?=1|z,? + |z,|> (where z, and z, are non-zero complex numbers), then
(A) kal is purely real (B) kal is purely imaginary
Zy Zy
(C) 21z, +z,z, =0 (D) ampzz—1 may be equal tog

2
a, b, ¢ are real numbers in the polynomial, P(z) = 2z* + az® + bz2 + cz + 3. If two roots of the equation
P(z) = 0 are 2 and i. Then which of the following are true.
(A)a=—% (B)b=5 (C)c=—% (D) a=-11

IfZ= , h € N then principal argument of Z can be
(T-)2-)(@—1)(n-i) " -
T s
A0 B) — C)-—= D
(A) ®) (©) -3 (D)
For complex numbers z and w, if |z|?°w — |w|?z =z —w. Which of the following can be true :
(A)z=w (B)zw =1 ©)|z]|=w|=2,z=zw (D) zw =1

If z satisfies the inequality |z — 1 — 2i| < 1, then which of the following are true.

(A) maximum value of |z] = /5 +1 (B) minimum value of |z| =+/5 —1
(C) maximum value of arg(z) = /2 (D) minimum value of arg(z) = tan-! (%j
The curve represented by z = ; , 0 € [0, 2n)

2+cos6+isind
(A) never meets the imaginary axis (B) meets the real axis in exactly two points
(C) has maximum value of |z| as 3 (D) has minimum value of |z] as 1

POQ is a straight line through the origin O . P and Q represent the complex number a +ibandc +id
respectively and OP = OQ. Then which of the follwoing are true :

(A)la+ibl=|c+id| (B)a+c=b+d

(C)arg(a+ib)=arg(c+id) (D) none of these

Let i = \/-1. Define a sequence of complex number by z, = 0, z,., = 2.2 + i for n > 1. Then which of the
following are true.

(A) |22050| = \/5 (B) |Zzo17| = \/E (C) |Zzo16| =1 (D) |22111| = ‘/§

If |z4] = |z,| = ...... = |z,| = 1 then which of the following are true.

(A) Z, =l (B) |Zy +Z5 + ... +z,|= —+i+ ...... +—

(@) Centroid of polygon with 2n vertices z,, z,, ....... z, zi zi ..... zl (need not be in order) lies
1 2 n

on real axis.

(D) Centroid of polygon with 2n vertices z;, z,, ...... z, Zi,zi,....zl(need not be in order) lies on

1 2 n

imaginary axis.
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15.

16.=

17.

18.

19.

20.x=

21,

22.n

If 2cosb =x+ land 2cosdp=y+ l then which of the following statement can be true?
X y

(A)x”+l=2003(n9),nez (B) i+X=Zcos(9—¢)
x" y X
(C) xy + 1 cos (6 + ¢) (D) xmyn + LI 2cos(mb +n¢),m,nez
Xy Xm n
If z:g =k, k>0 where,z=x+iyand a = a, + ia,, B =, + ip, are fixed complex numbers. Then

which of the following are true

: . . . kQB -
(A) if k = 1 then locus is a circle whose centre is .

k2 -
(B) if k = 1 then locus is a circle whose radius is k(a—;ZB)
(C) if k = 1 then locus is perpendicular bisector of line joining a = a,, + io, and B =B, +ip,

; [ k2o —B
(D) if k = 1 then locus is a circle whose centre is 2

The locus of equation Arg(Z 1= 2') = % represents part of circle in which

Z+3+i

(A) centreis | -1 —£+i(l+ij (B) radius is S

2 2 B B
(C) centre is —1—£—i l+i (D) radius is £

2 2 3
The equation ||z + i| — |z — i|| = k represents
(A) a hyperbolaif 0 <k <2 (B) a pair of ray if k>2
(C) a straight line if k =0 (D) a pair of ray if k=2

The equation [z —i| + |z + i| =k, k > 0, can represent
(A) anellipseifk>2  (B) line segmentifk =2 (C) an ellipse if k=5 (D) no locus if k = 1

It |z,| = |z, = |z,| = 1 and z,, z,, z, are represented by the vertices of an equilateral triangle then

Az, +2,+2,=0 (B) z,z,z, =1 (C)zz,+2,2,+2,2,=0(D)z3+2°2=222

Let z,, z,, z5 be three distinct complex numbers satisfying, |z,~1| = [z,-1] = |z;-1[=1. Let A, B& C
be the points representing vertices of equilateral triangle in the Argand plane corresponding to z4, z,
and z, respectively. Which of the following are true

(A)zy+2,+23=3 (B) 22+ 2,° + 2% =3

343
4

(C) area of triangle ABC = (D) 242, + 225+ 2524 = 1

If1, o4, 0, 0g,....... , o, 4 be the nth roots of unity, then which of the following are true
(A) 1 + 1 + e + 1 = _n—1
1—0(1 1—0(2 1—0Ln,1 2

(B) (1 —ay) (1= 0p) (1= Clg)errenens (1-a,
(C) (2-ay) (2 -ay) (2 - olg)er-.... 2-0, )=2"—1

(D) 1 1 N 1 n
1_(1,1 1—(12 1_(1“_1 2
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23.» Which of the following are true.

(A) cos x +"C, cos 2x + "C, €08 3X +..... +

(B) sinx +"Cy sin 2x + "C, sin 3X +.....
(C) 1 +nC, cosx + "C, COS 2X +.....
(D) "C; sinx + "C, sin 2X +.....

24. If o, B, y are distinct roots of x3 —

51 B—1+y—11 can be equal to :
1y an

(A) &2

(B) 22

25.» If zis a complex number then the equation z2 + z |z| +
(o and »? are imaginary cube roots of unity)

(A)z=kwowherek € R
(C) z = k ® where k is positive real

+"C, sin(n+1)x=2" cosn —.sin (
+ "G, cos nx = 2". cos“E cos[nxj

. nx
+"C, sinnx=2" cosn X 5 sm( j

nC,cos (n+1)x=2" cos”— cos[ 5 j

2

2

3x2 + 3x + 7 = 0 and o is non-real cube root of unity, then the value of

(C) 3w? (D) 3w

| 22| = 0is satisfied by

(B) z = k @? where k is non negative real
(D) z = k ®® where k € R.

26.» If a is imaginary n (n > 3) root of unity. Which of the following are true.

n-1

(A) Y (0= of ==

(9} (n—r) cos am__N
r=1 d
27.».  Which of the following is true?

(A) Number of roots of the equation z10 — z°
(B) Number of roots of the equation z10 — z°
(C) Number of roots of the equation 210 — z5 —
(D) Number of roots of the equation 210 — z5 —

n-1

. 2rm n T
B n-r)sin— = —cot— .
(B) > (n-1) =g e

— 992 = 0 with real part positive = 5
— 992 = 0 with real part negative = 5

992 = 0 with imaginary part non-negative = 6
992 = 0 with imaginary part negative = 4

PART - IV : COMPREHENSION

Comprehension # 1 (Q. No. 1 - 2)
Let (1 + x)"

=C,+Cx+Cx%+....... + C x". For sum of series C; + C, + C, + ......... , put x = 1. For sum of

series C,+C,+C, +C, + ........ ,orC,+C,+C, + ... add or substract equations obtained by putting

x=1andx=-1.

For sum of series C, + C, + C, + ........ orC,+C,+C, + ... orC,+C,+Cy + ... we subsitute x = 1,

X = o, X = o and add or manipulate results.
Similarly, if suffixes differe by ‘p’ then we substitute p™ roots of unity and add.

1= Cy+Cy+Cg+Cqg +........ =
1] nn 1 nn 1 nn 1
(A) = |2"-2cos—| (B) =|2" +2cos— | (C) = | 2" -2sin— (D) = | 2" +2sin—
3 | 3 3 3 3 3
2xn C;+Cy+Cq+
(A) T on _on2pgesN® (B) o 420200081
4 | 4 4 4
— - Sin— — + Sin—
o 1 on 2n/22 .. nNm D 1 on 2n/22 .. nNm
4 | 4 4 4
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Comprehension # 2 (Q. No. 3 to 6)=

As we know e* = cos6 + isind and (cos6, + ising,).(cosH, + ising,)

Leta, B,y € Rsuchthatcos (a —pB) +cos (B—v) +cos (y—a) =—

¥ sin (o + B) =X cos (a+ B) =

(A)O (B)3cosa cosp cosy
>cos(2a—B —7)
(A)O (B)3cosa cosp cosy
Ycos3a=
(A)O (B)3cosa cosp cosy
3
If 0 e R then =08 (0+ ) _
ITcos(6+ a)
(A)O (B)3cosa cosp cosy

Comprehension # 3(Q. No. 7 to 8)
ABCD is a rhombus. lts diagonals AC and BD intersect at the point M and satisfy BD = 2AC. Let the
points D and M represent complex numbers 1 + i and 2 — i respecetively.
lies in annular region formed by concentric circles

If 0is arbitary real, then z = re®, R, <r < R

lz|=R,,|z| =R,.
A possible representation of point A is

| |
(A)3- 5 B)3+ 7

3
2
(C)3cos (a+P+7y)

(C)3cos (a+ B +7)

(C)3cos (a+ B +7)

(C)3cos (a+ P +7)

cos(9, +8,) +isin(6, +6,)

If z is any point on segment DM then w = e? lies in annular region formed by concentric circles.

(A) W [ =1, (W] =2

min max

min 2’|W|ma><=e2

(0]

Comprehension # 4 (Q. No. 9 to 10)
Logarithm of a complex number z = x + iy is given by
logez = log (X + iy) = log_(|z|e®) (where 6 = arg(z))

9.%m=

10.=

=log.|z| + log_e®

=log, |z| + 6

=log, (x2 + y2) +iarg(2)
log.(z) =log.|z| +iarg(z)

In general log, (x +1y) = % log, (X2 + y?) +1i (2nm + arg(x + iy)) where n € 1.

Write log,, (1 +\/§i) in (a + ib) form

(A) log,2 + i(2nn +g) (B) log,3 + i(nx + g)

Find the real part of (1 —i)-.
(A) e +2m cos (%Ioge 2]

(C) e+~ cos (log, 2)

3. 3.
C)1+ =i D)3 - —i
(©) t3 (D) >
i
(B)lwlmin=_!|wlmax=e
e
(D) W=, (Wi, =1
min_2’ max

(C) log,2 + i(2nn +g) (D) log,2 + i(2nn —g)

(B) e4+2m cos (%Ioge 2)

(D) e2+2= cos (%Ioge 2}
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N
-
J

PART -1 : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

= Marked questions are recommended for Revision.
* Marked Questions may have more than one correct option.

1=

.=

Let z, and z, be two distinct complex numbers and let z = (1 —t) z, + tz, for some real number t with

0 <t < 1. If Arg(w) denotes the principal argument of a nonzero complex number w, then
[IT-JEE-2010, Paper-1, (3, 0)/84]

(A)|z=z|+|z-2] =z, -2 (B)Arg (z—2z,)=Arg (z—-1z)
© %" 27520 (D) Arg (z - 2,) = Arg (z, - 2,
2,-2, Z,-Z

Let o be the complex number cos 23—“ + i sinzs—n. Then the number of distinct complex numbers z

z+1 [0} ®°
satisfying ® zZ+o° 1 =0 is equal to [IT-JEE-2010, Paper-1, (3, 0)/84]
0% 1 Z+m
Match the statements in Column-l with those in Column-II. [IT-JEE-2010, Paper-2, (8, 0)/79]

[Note : Here z takes values in the complex plane and Im z and Re z denote, respectively, the
imaginary part and the real part of z.]

Column-| Column-li
(A) The set of points z satisfying (p) an ellipse with eccentricity %
|z—i| z|| = |z + i|z]|| is contained in
or equal to
(B) The set of points z satisfying () the set of points z satisfying Imz =0
|z + 4| + |[z—4]| = 10 is contained in
or equal to
(C) If |w| = 2, then the set of points z = w — Al (r) the set of point z satisfying |Im z| < 1
w
is contained in or equal to
(D) If |w| = 1, then the set of points z = w + Al (s) the set of points z satisfying |Re z| < 2
w

is contained in or equal to
(t) the set of points z satisfying |z| <3

If z is any complex number satisfying [z — 3 — 2i| < 2, then the minimum value of |2z — 6 + 5i| is
[IT-JEE 2011, Paper-1, (4, 0), 80]
Letw= e%,anda, b, ¢, x, y, z be non-zero complex numbers such that
a+b+c=x
a+bo+ce?=y
a+bw?+co=2z
[xP+lyP+]zl

Then the value of 5 > 2
lal* +|b[* +|c]|

[IT-JEE 2011, Paper-2, (4, 0), 80

Let z be a complex number such that the imaginary part of z is non zero and a = z2 + z + 1 is real. Then

a cannot take the value [IT-JEE 2012, Paper-1, (3, -1), 70]
1 1 3

A) -1 B) — C) — D) —

(A) (B) 3 (C) 5 (D) 2
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I

9."=

Let complex numbers o and % lies on circles (x —x,)2 + (y —y,)? =r2and (x — X,)? + (y —Y,)?* = 4r3,
respectively. If z, = x, + iy, satisfies the equation 2|z > = r? + 2, then |a| =
[JEE (Advanced) 2013, Paper-1, (2, 0)/60]

()~ (B)

1
7 (©) N (D) 3
\/§+i

Let w= 5 and P ={w":n=1,23,...}. Further H, = {z cC:Re 2z >%} and H, =

N —=

{z eC:Re z< —%} , where C is the set of all complex numbers. Ifz, e PN H,,z,e P~ H,and O

represents the origin, then £z.0 z, = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
T T 2n 5n

A) — B) — C) — D) —

(A) 5 (B) 5 (C) 3 (D) 5

Let  be a complex cube root of unity with » # 1 and P = [p,] be a n x n matrix with p, = o' *1. Then

P2+ 0,whenn = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]

(A) 57 (B) 55 (C) 58 (D) 56

Paragraph for Question Nos. 10 to 11

10.

11.

12.

LetS=S,n S, S,, where

S,={zcC:lz|<4},S,= 2G| 2=15¥8 0| ol ang
1-43 i

S,:{zeC:Rez>0}.

Area of S = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
107 20m 167 321
A) — B) — C) — D) —
(A) 3 (B) 3 (C) 3 (D) 3
miSn [1-3i—z]| = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
2-43 2++/3 3—-3 3++/3
(A) 2 (B) 1 (C) i (D) i
2 2 2 2
2km) . . 2kn
Let z, = cos (Wj+ isin (WJ ;o k=1, 2..9. [JEE (Advanced) 2014, Paper-2, (3, —1)/60]
List | List Il
P. For each z, there exists a z such that z,. ;= 1 1. True
Q. There exists ak € {1,2,....,9} such that z, . z = z,_has 2. False

no solution z in the set of complex numbers.

1=z [|1=2, | oo | 1= 2, |

R. equals 3. 1
10 a
9
S 1- Zcos(&j equals 4 2
pa 10
P Q R S
(A) 1 2 4 3
B) 2 1 3 4
© 1 2 3 4
D) 2 1 4 3
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13.=

14.

15.

16.

17.

18.

For any integer k, let o, = cos[k%tj + i sin [k;j where i = =1. The value of the expression

12

|0‘k+1 - O‘k|
3“:1— is [JEE (Advanced) 2015, P-2 (4, 0) / 80]
Z|°‘4k—1 - O‘4k—2|
k=1
_ . _ o\ 2s
Letz = 1+T\/§' wherei= -1 andr, s € {1,2,3}. Let P = {( i) Zr } and I be the identity matrix of
z z

order 2. Then the total number of ordered pairs (r, s) for which P2 =—Tis
[JEE (Advanced) 2016, Paper-1, (3, 0)/62]

Let a, b eRand a2+ b2 = 0. Suppose S = {ZERZZZa 1ibt,teR,t¢O},wherei= J-1.
+

Ifz=x+iyandz € S, then (x, y) lies on [JEE (Advanced) 2016, Paper-2, (4, —2)/62]
(A) the circle with radius Al and centre [loj fora >0,b=#0
2a 2a

(B) the circle with radius 1 and centre i,O fora<0,b=0
2a 2a

(C) the x-axis fora=0,b =0

(D) the y-axisfora=0,b=0

Let a, b, x and y be real numbers such that a — b = 1 and y # 0. If the complex number z = x + iy

- az+b
satisfies Im
z+1

J =y, then which of the following is(are) possible value(s) of x ?

[JEE(Advanced) 2017, Paper-1,(4, —2)/61]

(A) 1 - 15y (B)—1— \1-y? (©) 1+ 142 (D) -1+ 1y

For a non-zero complex number z, let arg(z) denote the principal argument with -z < arg(z) < =. Then,
which of the following statement(s) is (are) FALSE ?

(A) Arg(-1 —i) = g, where i = =1 [JEE(Advanced) 2018, Paper-1,(4, —2)/60]
(B) The function f : R — (—=, =], defined by f(t) = arg(-1 +it) for all t € R, is continuous at all points
of R, where i = \/—_1
(C) For any two non-zero complex numbers z1 and zz2 , arg{z—1j —arg(zy)+arg(z,) is an integer
Z;
multiple of 2n
(D) For any three given distinct complex numbers z1, z2 and zs, the locus of the point z satisfying

((z-2)(25 —23))
the condition arg L%} = 7, lies on a straight line.
z-25)(25 - 24

Let s, t, r be non-zero complex numbers and L be the set of solutions z=x +iy (x,y e R, i = J=1) of
the equation sz +tz +r =0, where z=x — iy. Then,which of the following statement(s) is (are) TRUE ?
(A) If L has exactly one element, then |s| = |t|

(B) If |s| = [t|, then L has infinitely many elements [JEE(Advanced) 2018, Paper-2,(4, —2)/60]
(C) The number of elementsinL n{z:|z—1 +i| =5} is at most 2

(D) If L has more than one element, then L has infinitely many elements
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19. Let S be the set of all complex numbers z satisfying |z — 2 + i| > J5 . If the complex number zo is such
that is the maximum of the set :zes}, then the principal argument of 4_Z+_Z°, is
|z — |z—1| Zp—2Zp+2
[JEE(Advanced) 2019, Paper-1,(4, —1)/62]
T 3r T T
A = B) — C) —— D) —
(A) , (B) 4 (C) 5 (D) >
20. That o # 1 be a cube root of unity. Then the minimum of the set {|a + bw + c®??; a, b, ¢ are distinct
non zero integers} equals . [JEE(Advanced) 2019, Paper-1,(4, —1)/62]
PART - Il : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)
1. If o and B are the roots of the equation x2 —x + 1 = 0, then a?°* + 20 = [AIEEE 2010, (4, -1), 144]
(1) -1 (2) 1 (3) 2 (4) -2
2. The number of complex numbers z such that | z— 1| =|z + 1| = |z — i| equals
[AIEEE 2010, (4, -1), 120]
(1) 1 (2)2 (3) 4)0
3. If o(=1) is a cube root of unity, and (1 + ®)” = A + Bo . Then (A, B) equals[AIEEE 2011, I, (4, —1), 120]
(1)(0, 1) (2)(1,1) (3)(1,0) 4) (=1,1)
4. Let a, B be real and z be a complex number. If z2 + az + B = 0 has two distinct roots on the line Re z =
1, then it is necessary that : [AIEEE- 2011, I, (4, —1), 120]
(1)B (0, 1) (2)pe(-1,0) 3) 1Bl =1 (4)Be(1,)
5. If z is a complex humber of unit modulus and argument 6, then arg G::—;j equals :
[AIEEE - 2013, (4, -1), 120]
(1) -0 (2)%-9 (3) 0 @) -0
6.n If z a complex number such that |z| > 2, then the minimum value of |z +% :
[JEE(Main) 2014,(4,-1), 120]
(1) is strictly greater than 5/2 (2) is strictly greater than 3/2 but less than 5/2
(3) is equal to 5/2 (4) lie in the interval (1, 2)
7= A complex number z is said to be unimodular if |z| = 1. Suppose z, and z, are complex numbers such
that % is unimodular and z, is not unimodular. Then the point z, lieson a :
T 4142
[JEE(Main) 2015, (4, — 1), 120]
(1) straight line parallel to x-axis (2) straight line parallel to y-axis
(8) circle of radius 2 (4) circle of radius \/5
8. A value of 0 for which ?wtgl—smg) is purely imaginary, is : [JEE(Main) 2016, (4, — 1), 120]
—2isin
T . \E . 1 T
1) = 2) sin”' | — 3) sin”'| — 4) —
(1) 5 (2) { 4 J 3) [ \/§J 4) 3
1 1 1
9. Let » be a complex number such that 20 + 1 = z where z = =3 . If 1 -0® -1 | = 3k, then k is
1 o’ o
equal to : [JEE(Main) 2017, (4, - 1), 120]

(1) -z (2) z (8) -1 (4) 1
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10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

If a, B € C are the distinct roots, of the equation x2—x + 1 =0, then «'%" + %7 is equal to :
[JEE(Main) 2018, (4, — 1), 120]
(M1 (2)2 (3) -1 4)0

Let a and B be two roots of the equation x2 + 2x + 2 = 0, then a'® + B'® is equal to :
[JEE(Main) 2019, Online (09-01-19),P-1 (4, — 1), 120]
(1) 512 (2) —256 (3) 256 (4) 512

Let z be a complex number such that |z| + z=3 + i, (where i = J-1 ) then |z| is equal to :
[JEE(Main) 2019, Online (11-01-19),P-2 (4, — 1), 120]

(1) @ (2) 5/4 (3) 5/3 (4) @
Let z1 and z2 be two complex numbers satisfying |z1| = 9 and |zz — 3 — 4i| = 4. Then the minimum value
of |z1— zz] is : [JEE(Main) 2019, Online (12-01-19),P-2 (4, — 1), 120]
(1o ()1 (3) v2 (4) 2
lfz = g l(i = J—_1) then (1 + iz + 5 + iz8)% is equal to :
[JEE(Main) 2019, Online (08-04-19),P-2 (4, — 1), 120]
(1)0 (2) (1 + 2i)° (3) -1 (4) 1

Letz e C be such that |z| <1, If o = Rz
5(1-2)

[JEE(Main) 2019, Online (09-04-19),P-2 (4, — 1), 120]
(1) 4 Im(w) > 5 (2) 5Re(w) > 4 (3) 5 Re(w) > 1 (4)51m () <1

then

If z and ® are two complex numbers such that | ze |=1 and arg (z) — arg(oa):%, then:

[JEE(Main) 2019, Online (10-04-19),P-2 (4, — 1), 120]
1—i —1+i

1) zo =i 2) zo = 3) zo = 4) zo =i
(1) (2) 7 3) 7z (4)
If the equation, x2 + bx + 45 = 0 (b<R) has conjugate complex roots and they satisfy |z + 1| = 2 \/ﬁ,
then : [JEE(Main) 2020, Online (08-01-20),P-1 (4, —1), 120]
(1) b2 —b = 30 2)b2+b =72 (3) b2 —b = 42 @) b2+b =12
—1+i\/§ . w 100 o .
Leta = y ifa=(1+a) > a® and b= ) &%, then a and b are the roots of the quadratic
k=0 k=0
equation : [JEE(Main) 2020, Online (08-01-20),P-2 (4, —1), 120]
(1) x2+101x+100=0 (2) x2—102x + 101 =0
(3) x2-101x + 100 =0 (4)x2+102x + 101 =0
Let z be a complex number such that £ _21_ ‘ =1and |z|= g Then the value of |z + 3i is :
Z+2i
[JEE(Main) 2020, Online (09-01-20),P-1 (4, —1), 120]
7 1

(1) ¥10 @ 243 ® 2 @2

2 4

/\
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Complex Numbers /

EXERCISE - 1

PART - |
Section (A) :
A-1. (i) 3, -1 (i) x=1and y=2;
5 : 3K
1,1) 10, — =K,y=— ,KeR
(i (,>(2J V) x=Ky="2 Ke
A-2. ()8 (i) 107
A-3. (i) (-2, 2); (-2, -2)] (ii) — (77 + 108 i)
A-4. (i) £ (4 +3i) (i) £/2 +0ior 0 +/21
A-5. z=(2+i)or (1-3i
—cotg
A-6 (i) 21_18 i (i) 3+4i (iii) 1 + i 2 (iv) 2
5 5 0 20
2£1+3cosz j 1+3cos®
2 2
i ,i5i ,iﬂ
A-7 (i) meir (i) 5e2 (i) 2e 6 ¢ (iv) 2e °
A-8 (i) |z| =2 cosg—TE Principal Arg z =9—Tc ,arg z =9—TE +2km, k eI
25 25 25
(ii) Modulus = 2, Arg = 2kn —% , k €1, Principal Arg = Sz
(iii) Modulus = sec?1, arg = 2kn + (2 — =), Principal Arg = (2 — m)
. 1 T 11x . 11n
iv Modulus = — cosec —, arg z = 2k ——, Principal Arg =——
(iv) N 219 B =5 pal Arg
Ao, 2,1 A-10. ()4 (i) 3
2 2
Section (B) :
B-1. (i) (a—ib)2 B-2. =« B-3. 1 B-7. 0 B-8. (i) J_r% (i) 1
B-10. argze {—E, —E}
2 4
Section (C) :
C-1. J5+2&.5 -2
C-2. ()0,6 (1,7 (iii) 0, 5
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Complex Numbers /
C-3. (i) The region between the concentric circles with centre at (0, 2) & radii 1 and 3
units
(ii) The part of the complex plane on or above the line y = 1
(iii) a ray emanating from the point (3 + 4i) directed away from the origin & having equation,

J3x-y+4-33 =0, x>3

(iv) Region outside or on the circle with centre% + 2iand radius%
C4. ()|zl=20 (i)OP=0Q=PR=QR=20 C-7. 9% C8. 5
C-9. -4-3j 2J§ C-10. arhombous but not a square
Section (D) :
D-1. 3 D-2. -5 D-3. 4n D-4. (i) 1 (ii) 1
D-6. z=-1,3,1-2i,1+2i

1 ‘ 1 3 4

Sum = 4_ |

centroid = 1
D7. ()-1 iy €4 1~ 0.1, 2, 3. Continued product = 1
D-8. ® D-9. x2+x+2=0

PART - Il
Section (A) :
A1. (A A-2. (D) A3. (B) A-4. (A A5. (D A-6 (D) A-7. (D)
A-8. (B) A-9. (A A-10. (A A-11. (C) A-12. (D
Section (B) :
B-1. (A) B-2. (C) B-3. (A) B-4. (D) B-5. (D) B-6. (A) B-7 (D)
B-8. (D) B-9. (C) B-10. (C) B-11. (A) B-12. (B) B-13. (D)
Section (C) :
c-1. (A C-2. (D) C-3. (D) C4. (A C-5. (B) C-6. (A C-7. (O
C-8. (B) C9. (O C-10. (A) C-11. (B) C-12. (B) C-13. (O)
Section (D) :
D-1. (B) D-2 (C) D-3. (A) D-4. (A) D-5. (A) D-6. (C) D-7. (A)
D-8. (C)
PART - il

1. (A) > (s), (B) = (n), (C) > (q), (D) — (p) A->s;B->rCop;D->q.
3. a—>p,rb->paqrtc—prs;d—>paqrst 4. (A) = (p),(B) = (q), (C) = (n), (D) = (s)
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Complex Numbers /
EXERCISE - 2

PART - 1|
1. B) 2 (A) 3. (A) 4. (D) 5. (B) 6. (B) 7. (C)
8. (c) o. (A) 10. (A 1. (B) 12. (B) 13. (A 14. (C)
15. (C) 16. (B) 17. (D)
18. (B)

PART -1l

39.60 2 02.350r 02.36 3. 13.00 4. 25.00 5. 09.11 6. 01.41

7. 10.00 8. 00.00 9. 02.00 10. 15.00 11. 00.00 12. 00.27
13. 16.00 14. 20.94 15. 16.00 16. 16.00 17. 03.28 or 03.29
18. 01.00 19. 02.93 20. 07.00

PART - Il
1. (ABC) (ABC) 3 (BD) 4. (BC) 5. (BD) 6. (BCD)
7. (ABC) 8. (ABCD) 9 (ABD) 10.  (ABCD)11.  (ABCD)12.  (AB)
13. (BCD) 14. (ABC) 15 (ABCD)16.  (ABC) 17. (AB) 18.  (ACD)
19.  (ABCD)20 (ACD) 21 (ABC) 22. (ABC) 23. (ABCD)24.  (CD)
25. (BC) 26 (ABC) 27 (ABCD)

PART - IV

(B) O 3 (A) 4 () I € 6. D)
7 (A) (B) (A) ~10.  (B)
EXERCISE - 3

PART - |

1%, (ACD) 2. 1

3. (A) - (q,l’), (B)-(p), (C) - (p,S,’[), (D) - (q,r,S,t) 4. (5)

Bonus (w = €™? is a typographical error, because of this the answer cannot be an integer.)
(if w = then answer comes out to be 3)

6. D) 7.
1.  (C) 12.
16. (B,D) 17.
1 2 2
8 3 9

15. (3)  16.

(C) 8.
(C)  13.
(ABD) 18.
(1) 3
(1)  10.
1 7.

(C) 9.

4 14. 1

(ACD) 19. (€
PART - 1l

@ A 4) 5.

M 1. @ 12
1 18. (2  19.

(BCD)

—
w
-

e
wWw w
- =

10.
15.
20.

13.
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Complex Numbers “_

Il High Level Problems (HLP)

1.

10.

11.

12.

13.

If the equation z* + a,z® + a,z% + a,z + a, = 0 where a,, a,, a,, a, are real coefficient different from zero,

o . a aa
has a purely imaginary root, then find the value of —— + ——*%
aa, a,a,

If |z,| =2, |z, = 3, |z5] =4 and |2z, + 3z, + 42| = 4, then find the value of [8z,z; + 272,z, + 642,2,|

If |zP+A z>+AZ?+Bz+Bz+c=0represents a pair of intersecting lines with angle of

intersection ‘0’ then find the value of |A|

If z2+az+B=0 (a,p are complex numbers) has a real root then prove that
_ = _ —\2
(oc - OL)(OLB - (1[3) = ([3 = [3)

2 2 2
z z Z
1, 2 . %8

2,2, 2,2, 2.2,

If z z, be three complex number such that |z,| = |z,| = |z,| = 1 and

179 21 2| =

then sum of all the possible values of |z, + z, + z,|

Number of complex number (z) satisfying |z|? = |z|"-?z2 + |z|-?z + 1 such that Re(z) # —% and

n=2x+1, A e N.

Let z, & z, be any two arbitrary complex numbers then prove that

. z z .

) Iz +2zl= ‘ﬁ 271+ 22l (M) lz+2[> 7 ! (] + =)) || | |
1 2 1

Prove that

(i) m <|arg z|. (i) lz=1|<||z| = 1| + || |]arg z].

Prove that

limg(z")| <n |Img (2)|[z|]", nel®
If z—1)+|z+3| <8 then find the range of values of |z—4].

Show that all the roots of the equation a,z® + a,z> + a,z + a, = 3, where [a| < 1,i=1, 2, 3, 4 lie outside
the circle with centre origin and radius 2/3.

Consider the locus of the complex number z in the Argand plane is given by Re(z) -2 = |z - 7 + 2i|. Let
P(z,) and Q (z,) be two complex number satisfying the given locus and also satisfying

arg 2= @rai) | ( o €R) then find the minimum value of PQ
Z,-(2+ai) )

Find the mirror image of the curve |—=*

=a,ac R*a=1abouttheline|z-2z]|=|z-2z,].
z-2z,

/\
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Complex Numbers “_

14.

15.

16.

17.

18.

19.

20.

21,

22,

23.

24,

25.

Z4

Let z, and z, are the two compelx numbers satisfying [z — 3 — 4i| = 3. Such that Arg( J is maximum

ZZ
then find the value of |z, - z,|.

Z4

If z, and z, are the two complex numbers satisfying |z — 3 — 4i| = 8 and Arg( ]:g then find the

22
range of the values of |z, — z,|.
If |z—2z,|=|z,]and |z -z, = |z, be the two circles and the two circles touch each other then prove that
Img[iJ =0

22
q r
r = 0; where p, q, r are the modulus of non-zero complex numbers u, v, w respectively,

=
= O T

p
q

©

w w-—-u 2
prove that, arg — = arg ( J .
\" V—-Uu

If |z, + iz,| = |z,| + |z,| and |z,| = 3 & |z,| = 4, if affix of A, B, C are z,, z,, (%j respectively. Then
find the area of AABC

Find the locus of mid-point of line segment intercepted between real and imaginary axes, by the line
az+az+b=0, where ‘b’ is real parameter and ‘@’ is a fixed complex number such that Re(a) = 0,
Im(a) = 0.

Givenz, +z, +23=A, 2, + Z, ® + Z; @® = B, Z, + Z, ® + Z; = C, Where o is cube root of unity,
(a) express z,, z,, Z5 in terms of A, B, C.
(b)  prove that, |A2 + [B2 + [C]2 = 3 (| 2,[ +|z[ +|z |2).
(c) prove that A3 + B3 + C3 - 3ABC =27z, 2, 2,4
n-1

If w= 1 is nth root of unity, then find the value of z |z, +W* z,|
k=0

Let a, b, ¢ be distinct complex numbers such that . ab =1 " 13- k, (a, b, c = 1). Find the value

of k.

2ni 20
lfa=e7 andf(x)=A,+ > AX, then find the value of,
k=1

f(x) + f(ax) + ..... + f(a®x) independent of a.

Given, z = cos 2n +1isin 2n , ‘N’ a positive integer, find the equation whose roots are,
2n+1 2n+1

a=z2+2%+ ... +z2-tand B =2z2+2z*+ ... + z2n,

4m + COS 6n +..... + COS anm =—1WhenneN.
2n +1 1 2

Prove that cos 2n + COS
2n +1

/\

2n + 1
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Complex Numbers
N .. om . 2n . k=n V2K +1
26. Proof that i) sin——sin——........ sin =
) 2k+1  2k+1 2k +1 2
(i) cos T _cos 2r S ke _ 1
2k+1  2k+177 &k+1 2
27. Itz ,r=1,2,3, ... ,2m, m € N are the roots of the equation

sz + ZZm—1 + sz-z +

2m
+Z+1=0, then prove that )’
r=1

r

28. The points represented by the complex numbers a, b, ¢ lie on a circle with centre O and radius r. The
-1 -1 a1
tangent at ¢ cuts the chord joining the points a, b at z. Show that z = aj;—?f
a -C
29, Show that for the given complex numbers z, and z, and for a real constant ¢ the equation
(zy +A2,)z+(z, +Az,)z+c =0
represents a family of concurrent lines and and also find the fixed point of the family.
(where A is a real parameter)
30.» Letz ,z,, z are three pair wise distinct complex numbers and t,, t,, t, are non-negative real numbers

such that t, + t, + t; = 1. Prove that the complex number z = t,z, + t,z, + t,z, lies inside a triangle with

vertices z,, z,, Z, Or on its boundary.

secH

1 1 2 96 3. 5 5. 3 6. 2 10. [1,9]
12 10 13, |[E=%|_a 14, % 15.  [\103-5./103+5]
z-z,
2 2
18. § 19. i 20. (a)z1=A+B+C, =A+Bo3 +C(D123=A+B(D+CO)
4 3 3 3
21. n(|z,[? + |z,?) 22. —®or —w? 23. 7A, +7A X+ T7A X"
2
20,  z2+z+ 30 o whereo= 27 29. z=__"%2
sin® @ 2n+1 2,2, - 2,2,
® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
/\ Qesonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
Educating for better tomorrow [ e o8 5555 | CIN: UB0302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

